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A B S T R A C T

In this paper, a flexible analysis method for the seepage problem is proposed by improving the traditional scaled 
boundary finite element method (SBFEM) and automatically adapting the polytree-based refinement algorithms. 
Firstly, by embedding integration points inside the boundary element instead of the traditional boundary inte
gration scheme, the dynamic evolution process of the free water surface inside the cell can be directly described, 
which overcomes the limitations of the traditional boundary integration method. Subsequently, the innovative 
integration of SBFEM into a static grid iterative framework avoids the problem of frequent re-meshing of con
ventional SBFEM due to free water surface motion. In order to take full advantage of the cross-scale meshing of 
SBFEM, adaptive refinement based on a polytree algorithm and a free surface position indicator is implemented, 
and the accuracy is dynamically controlled by error feedback. Then, the above algorithm is integrated into the 
finite element software GEODYNA based on object-oriented programming architecture. Finally, the correctness 
and effectiveness of the proposed method are verified by carrying out seepage analysis on the earth-rock dam. 
The results show that the proposed method can perform cross-scale analyses in critical regions, thus effectively 
improving the computational efficiency without affecting the solution accuracy.

1. Introduction

Modeling infiltration flow in soils is a fundamental challenge that 
involves multiple disciplinary areas, including agricultural sciences, 
geoengineering and energy recovery processes. Accurate modeling of 
infiltration flows not only contributes to the understanding of water 
movement in soils, but also provides important data to support resource 
management and environmental protection. In the study of seepage 
phenomena, researchers have proposed a variety of theories and 
methods, including analytical [1,2], graphical [3] and numerical 
methods. The analytical method relies on precise mathematical ex
pressions to describe physical processes, but its application is limited 
when faced with practical situations such as complex boundary condi
tions and non-homogeneous media. And the graphical method relies on 
the experience and skill of the mapper to improve the accuracy, but this 
also limits its scope of application and precision. In view of the limita
tions of the above two methods, researchers are more likely to use nu
merical methods to explore and analyze seepage problems.

The finite volume method (FVM) is a common method for solving 
infiltration flow problems, and its core idea is to integrate the equations 

over a control body to ensure the conservation of physical quantities 
such as mass and momentum. The method has been widely used in 
modeling infiltration flow [4–7], and it is especially good in soil mois
ture transport simulations where water conservation needs to be strictly 
satisfied. However, FVM is relatively cumbersome in dealing with 
complex boundary conditions. The finite difference method (FDM) is 
also one of the commonly used methods for solving seepage problems, 
but its discrete approach based on structured grids has limitations in 
simulating complex geometries, and the accuracy needs to be improved 
by optimizing the difference format or locally encrypting the mesh 
[8–11]. In contrast, the finite element method (FEM) is naturally 
applicable to unstructured grids and can handle complex boundaries and 
irregular regions more flexibly [12–15], and thus has wider applicability 
in seepage problems.

With the continuous proposal of new and efficient algorithms, nu
merical analysis methods are moving towards higher accuracy, aiming 
at obtaining the distribution of physical fields more accurately. For 
example, Jiang et al. [16] used a dynamic contact algorithm to assess the 
seismic performance of gravity dams. Chen et al. [17] used an incre
mental dynamic analysis algorithm to investigate the potential damage 
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modes of concrete dams under seismic loading. Xu et al. [18] proposed 
an improved seepage detection algorithm based on the pseudo-flow field 
method, which provides an effective means for the rapid and accurate 
identification of dam seepage hazards by optimizing the measurement 
line arrangement and numerical simulation analysis. Wang et al. [19] 
proposed a landslide surge probability analysis method based on the 
energy equivalence method, physical model experiment and machine 
learning agent model, which provides a novel approach for risk assess
ment, prevention and control of landslide surge disaster chain in 
mountain reservoirs. Chen et al. [20] innovatively combined the inverse 
modeling analysis method of artificial neural network and genetic al
gorithm to reveal the exponential decay of bedrock permeability of high 
arch dams with operation time. Yang et al. [21,22] used a cross-scale 
algorithm to solve the viscoelasticity problem of non-homogeneous 
materials. Among them, the cross-scale algorithm, as a 
high-performance computational method, is able to achieve a satisfac
tory balance between solution accuracy and computational efficiency. 
The main idea of this algorithm is to arrange fine-scale grids in critical 
areas of the structure to capture local details, while using coarse-scale 
grids in other areas to improve computational efficiency. Between the 
fine-scale and coarse-scale meshes, a transition mesh (generally a 
polygonal mesh) is used to smoothly connect these two different scales. 
However, the traditional FEM cannot solve for polygonal cells, so it 
needs to be combined with other advanced numerical methods to realize 
coarse-scale analysis.

Recently, Wolf and Song [23] proposed a semi-analytical SBFEM, 
which provides an effective alternative for cross-scale refinement anal
ysis due to the advantage of easy construction of polygonal or poly
hedral cells. In recent years, after the systematic research of Song 
[24–27], the theoretical system of SBFEM has matured and has been 
widely applied in many fields. For example, Zhao et al. [28–30] created 
the Scaled Boundary Perfect Matching Layer (SBPML)by applying the 
local coordinate system of SBFEM to the artificial boundary method to 
achieve lossless coupling of complex geometric boundaries, providing 
an effective approach for engineering applications. Zhang et al. [31,32] 
constructed an explicit parallel computation system based on the 
SBFEM, which achieves efficient discretisation of the computational 
domain and accurate transfer of dynamic loads by introducing the octree 
adaptive mesh technique, and solves the time-step limitation of the 
traditional implicit algorithms in wave propagation problems. Liu et al. 
[33,34] realized the accurate transformation of 3D thin-walled struc
tures to 2D computational models based on the theory of dimensionality 
reduction modelling of SBFEM through the synergistic mechanism of 
boundary discretization and analytical solving in the direction of the 
thickness, which effectively overcame the problem of accuracy loss due 
to the mesh locking effect of the traditional finite element method in the 
analysis of thin-walled structures. Benefiting from the advantage that 
SBFEM can handle arbitrary polygons, Du et al. [35–37] created a crack 
extension solution method, which provides engineers with an efficient 
and high-precision fracture simulation solution. Ooi et al. [38–40] 
effectively solves the numerical challenges in elastic mechanics and 
crack extension simulation of functionally gradient materials based on 
SBFEM and by introducing higher-order bubble functions and polygonal 
cells, which significantly improves the computational accuracy, effi
ciency, and convergence of the stress field and fracture parameters.In 
the research and development of nonlinear analysis algorithms, Chen 
et al. [41,42] developed an efficient and practical polygonal and poly
hedral SBFEM elastic-plastic analysis algorithm, which breaks through 
the technical constraints of elasticity analysis that SBFEM has been 
limited to for a long time. In order to balance the inherent contradiction 
between accuracy and efficiency in numerical simulation, Zou et al. [43,
44] successfully developed cross-order SBFEM, a method that supports 
multiple cell shapes and variable computational orders, providing both 
high accuracy for complex engineering problems. Zhuo et al. [45] 
coupled the SBFEM with the fracture phase field model, established a 
mixed-mode fracture analysis framework applicable to rock-like 

materials, and successfully realized the simulation of the whole process 
of crack extension under tensile-compressive-shear composite loading.

With the gradual maturity of SBFEM theory, its application research 
in the field of fluids also shows rapid development. For example, Zou 
et al. [46,47] proposed SBFEM for nonlinear dynamic analysis of satu
rated porous media based on generalized Biot’s dynamic consolidation 
theory. Mohammad [48,49] proposed SBFEM for solving steady state 
seepage and transient seepage problems. Liu [50] proposed an iso
geometric SBFEM and applied it to the seepage analysis of dams on 
infinite foundations. Yang [51,52] implemented the PSBEM algorithm in 
the framework of the user subroutine (UEL) of the finite element soft
ware ABAQUS and applied it to the transient seepage analysis of an earth 
and rock dam. In addition, studies have also reported the application of 
SBFEM in the field of stochastic [53] and singular [54] seepage.

However, as reported in the above literature [48–50], researchers 
are combining SBFEM with a moving grid system to determine the 
location of the free water surface of an earth and rock dam, a strategy 
that has limitations. Specifically, this type of method requires constant 
adjustment of node positions during the iteration process, which may 
lead to distortions of the cells, making it difficult to apply to complex 
models (complex geometries or sudden changes in permeability co
efficients of materials).

On the other hand, the position error of the free water surface is also 
affected by the grid optimization strategy. Since the free surface 
boundary of the seepage field cannot be determined in advance, the final 
head distribution needs to be approximated step by step by an iterative 
method, which introduces a boundary nonlinearity problem. Therefore, 
it is necessary to refine the grid near the free water surface to reduce the 
error generated by the iterative process. In addition, what size of grid to 
be arranged is also a problem worth exploring.

In order to accurately determine the location of the free water sur
face of the earth-rock dam, this study innovatively combines the SBFEM 
with a static grid system, and proposes a novel coupled iterative algo
rithm to avoid frequent re-demarcation of the grid. Firstly, the inte
gration point is introduced inside the boundary cell, which overcomes 
the difficulty of the traditional SBFEM to consider the free water surface 
changes inside the cell due to its semi-analytical characteristics. Then, 
by discounting the permeability coefficients of the Gaussian points in
side the cell in the negative pressure zone, the position of the free water 
surface can be corrected. By developing an adaptive criterion based on a 
posteriori error estimation, the cells through which the free water sur
face passes are refined at multiple levels in order to gradually reduce the 
error due to the unrefined mesh during the iterative process. Finally, the 
above algorithm is integrated into the finite element software GEO
DYNA, and the accuracy of the method is verified by arithmetic exam
ples for different problems.

The paper is organized as follows: The adaptive SBFEM for the 
seepage problem of earth and rock dams, including its theoretical 
framework and the specific steps of adaptive analysis, is described in 
Section 2. The development platform of the proposed method is intro
duced in Section 3. The correctness and effectiveness of the proposed 
method are verified through several numerical examples in Section 4. 
Finally, the work is concluded in Section 5.

2. Adaptive SBFEM for seepage problems

2.1. Implementation of the SBFEM

2.1.1. Coordinate transformation
In the polygonal cell shown in Fig. 1, a (ξ, η) local coordinate system 

is defined with the form centre of the cell as the coordinate origin. The 
coordinate origin is the scale centre. The line connecting the two end
points of the line cell and the centre of proportionality forms a sub
domain. In each subdomain,ξ takes the value 0 at the centre of 
proportionality Oand 1 at the boundary, andηtakes the values +1, -1 at 
the two endpoints of the line cell. By introducing the interpolation 
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functionN(η), the coordinates of any point on the linear cell can be 
expressed in the form of Eqs. (2.1) and (2.2) In this study, a two-node 
linear cell is used, so the expression is Eq. (2.3). 

xη(η) = [N(η)]{x} (2.1) 

yη(η) = [N(η)]{y} (2.2) 

N(η) = [(1 − η) /2, (1+ η) /2] (2.3) 

In Eqs. (2.1) and (2.2), {x} and {y} and are the coordinate vectors of 
the two endpoints of the line unit, respectively.

By this way of definition, the coordinates of any point in the sub
domain can be obtained by scaling to the centre of proportionality, the 
specific expressions of which are shown in Eqs. (2.4) and (2.5). 

x(ξ, η) = ξ[N(η)]{x} (2.4) 

y(ξ, η) = ξ[N(η)]{y} (2.5) 

2.2.2. Steady-state seepage equation and its solution
The basic governing equation for steady state seepage in two di

mensions is: 

kx
∂2h
∂x2 + ky

∂2h
∂y2 = 0 (2.6) 

Here, kxand ky denote the permeability coefficients in the direction of 
the two axes in the Cartesian coordinate system.

Within the proportional boundary coordinate system, the head at any 
point within the interior of the subdomain can be obtained by interpo
lation. 

h(ξ, η) =
[
Np(η)

]
{h(ξ)} (2.7) 

Here the nodal head function {h(ξ)} is introduced, which represents 
the head along a radial line. [Np(η)] is the shape function of a polygonal 
cell with the following expression: 
[
Np(η)

]
= [N1(η),N2(η),…,Nn(η)] (2.8) 

And the differential operator in the Cartesian coordinate system can 
also be converted to a differential operator in the local coordinate sys
tem by the following equation. 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂
∂x
∂
∂y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=
{
b1(η)

} ∂
∂ξ

+
1
ξ
{
b2(η)

} ∂
∂η (2.9) 

{
b1(η)

}
=

1
|J(η)|

{
yη(η),η
− xη(η),η

}

(2.10) 

{
b2(η)

}
=

1
|J(η)|

{
− yη(η)
xη(η)

}

(2.11) 

|J(η)| = yη(η),ηxη(η) − yη(η)xη(η),η (2.12) 

Substituting Eq. (2.7) into Eq. (2.9) will produce the following result: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂h
∂x
∂h
∂y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=
{
B1(η)

}
{h(ξ)},ξ +

1
ξ
{
B2(η)

}
{h(ξ)} (2.13) 

Where: 
{
B1(η)

}
=

{
b1(η)

}
[N(η)] (2.14) 

{
B2(η)

}
=

{
b2(η)

}
[N(η)],η (2.15) 

By using the principle of virtual work, the proportional boundary 
finite element governing equations for steady state seepage can be 
obtained. 
[
E0]ξ2{h(ξ)},ξξ +

([
E0] −

[
E1]+

[
E1]T

)
ξ{h(ξ)},ξ −

[
E2]{h(ξ)} = 0

(2.16) 

where [E0], [E1], and [E2] are the matrices associated with the material: 

[
E0] =

∫

S

[
B1(η)

]T
[k]

[
B1(η)

]
|J(η)|dη (2.17) 

[
E1] =

∫

S

[
B1(η)

]T
[k]

[
B1(η)

]
|J(η)|dη (2.18) 

[
E2] =

∫

S

[
B1(η)

]T
[k]

[
B1(η)

]
|J(η)|dη (2.19) 

[k] =
[

kx
ky

]

(2.20) 

Eq. (2.16) is a second order Euler-Cauchy equation which can be 
transformed into a first order ordinary differential equation shown in Eq. 
(2.21) by substitution of variables 

ξ
{{

{h(ξ)}
{q(ξ)}

}

,ξ

}

= − [Z]
{
{h(ξ)}
{q(ξ)}

}

(2.21) 

Where: 

[Z] =
[ [

E0]− 1[E1]T
−
[
E0]− 1

−
[
E2]+

[
E1][E0]− 1[E1]T

−
[
E1][E0]− 1

]

(2.22) 

Therefore, the solution of Eq. (2.16) can be obtained by calculating 
the eigenvalues and eigenvectors of [Z] 

[Z]
[
[ψ11] [ψ12]

[ψ21] [ψ22]

]

=

[
[ψ11] [ψ12]

[ψ21] [ψ22]

][ [
λp
]

[
λq
]

]

(2.23) 

The matrices[λp]and[λq]are diagonal arrays consisting of the nega
tive and positive eigenvalues of the matrix[Z], respectively. Therefore, 
the solution of Eq. (2.16) containing the integration constant is as 
follows: 

{h(ξ)} = [ψ11]ξ
− [λp]{c1} + [ψ12]ξ

− [λq]{c2} (2.24) 

{q(ξ)} = [ψ21]ξ
− [λp]{c1} + [ψ22]ξ

− [λq]{c2} (2.25) 

Notice that the head value at the centre of proportionality has to 

Fig. 1. Polygonal representation of a finite element with propor
tional boundary.
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satisfy the finiteness condition, when {c2} must be a zero vector. Under 
this condition, Eqs. (2.24) and (2.25) will be rewritten as 

{h(ξ)} = [ψ11]ξ
− [λp]{c1} (2.26) 

{q(ξ)} = [ψ21]ξ
− [λp]{c1} (2.27) 

Here the constant of integration {c1} can be obtained from the nodal 
head vector{hb} = {h(ξ = 1)} at the boundary. 

{c1} = ψ − 1
11 {hb} (2.28) 

Then substituting Eq. (2.26) into Eq. (2.7), and the expression for the 
head field within the polygonal cell is: 

h(ξ, η) =
[
Np(η)

]
[ψ11]ξ

− [λp][ψ11]
− 1
{hb} (2.29) 

To improve the generality of the algorithm, Eq. (2.29) can be 
rewritten in the form of Eq. (2.30). In this way, the SBFEM solution 
framework is identical to the FEM solution framework. 

h(ξ, η) = [Φ(ξ, η)]{hb} (2.30) 

Where: 

[Φ(ξ, η)] =
[
Np(η)

]
[ψ11]ξ

− [λp][ψ11]
− 1 (2.31) 

Substituting Eq. (2.30) into Eq. (2.13) will produce the following 
result: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂h
∂x
∂h
∂y

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

= [B(ξ, η)]{hb} (2.32) 

[B(ξ, η)] =
[
[B1

(η)][ψ11]
[
− λp

]
+B2

(η)[ψ11]
]
ξ[− λp]− [I][ψ11]

− 1 (2.33) 

2.2.3. Determination of free water surface
As shown in Fig. 2, driven by the head difference h formed between 

the upstream water level and the downstream water level, a free water 
surface boundary is formed in the dam body, which divides the earth 
and rock dam into saturated and unsaturated regions. Since the free 
water surface boundary cannot be determined in advance, the real so
lution must be approximated step by step through an iterative method.

In 1979, Bathe [55] proposed a cell conductivity matrix adjustment 
method to determine the location of the free water surface within the 
finite element solution framework, which locates the free water surface 
by discounting the permeability coefficients of the cells through which 
the free water surface passes (transition zone cells) as well as the cells in 
the unsaturated zone. This subsection extends this method to the SBFEM 
framework.

In steady state seepage calculations, the expression for the conduc
tance matrix of the cell is given by Eq. (2.34). 

[K] =
∫

Ω
[B(ξ, η)]T [k(ξ, η)][B(ξ, η)]|J(η)|dξdη (2.34) 

Since conventional SBFEM discretizes only at the boundary of the 
cell, it cannot capture the variation of the free water surface inside the 
cell. Therefore this study captures the position of the free water surface 

by introducing internal integration points inside the cell.
Considering that the integral is additive with respect to the region, 

Eq. (2.34) can be rewritten in the form of Eq. (2.35). 

[K] =
∑n

i=1

∫

Ωi
[B(ξ, η)]T [k(ξ, η)][B(ξ, η)]|J(η)|dξdη (2.35) 

Using the Hammer integral for Eq. (2.35), Eq. (2.34) is eventually 
written in the form of Eq. (2.36). 

[K] =
∑n

i=1

∑m

j=1

∫

Ωi

[
B
(
ξj, ηj

)]T[k
(
ξj, ηj

)][
B
(
ξj, ηj

)]⃒
⃒J
(
ηj
)⃒
⃒dξjdηj (2.36) 

The whole integration process is shown in Fig. 3 (n = 5,m = 3).
In Eq. (36), the value of k(ξj,ηj) is related to the pore pressure p(ξj,ηj) 

at that point, and if p(ξj,ηj) is less than 0, the value of k(ξj,ηj) should be 
discounted.

The locations and weights of the triangular Hammer integration 
points are given in Table 1, and the reader can go ahead and select the 
appropriate integration scheme according to the requirements. In this 
study, a scheme with 3 integration points is used.

2.3. Implementation of adaptive analysis

2.3.1. Grid recursive subdivision algorithm based on the idea of polytree 
decomposition

It is well known that the quality and fineness of the mesh play an 
important role in the results of numerical analyses. In general, using a 
coarse mesh means that satisfactory results will not be obtained, while 
globally adopting a fine mesh will drastically reduce the computational 
efficiency. Therefore, in this subsection we explore a mesh refinement 
algorithm based on the idea of polytree for local refinement.

Inspired by the polytree decomposition technique, the algorithm can 
be implemented in the following steps. For quadrilateral cells, the 
quadtree rule is strictly followed for 4 equal subdivisions. For n-sided 
cells (n is greater than 4), it can also be regularly subdivided into n 
pentagonal cells with 1 n-sided cell. Taking quadrilateral, pentagon and 
hexagon as examples, the whole process of unit refinement is shown in 
Fig. 4.

The most prominent advantage of this algorithm is its ability to 
accurately refine locally (as shown in Fig. 5). When the algorithm ap
plies local refinement to critical areas near the free water surface, 
hanging nodes will inevitably be generated in the coarse-fine mesh 
transition zone. Traditional FEM are usually complicated and cumber
some to deal with such problems. In contrast, the SBFEM adopted in this 
paper, through its unique scale-centred analytical framework, can 
directly treat the n-sided cell containing m hanging nodes as an (m + n) 
-side cell for solving without any additional constraints.

2.4. Steps in adaptive analysis

After the initial calculations have determined the free water surface, 
the recursive algorithm described in the previous section can be used to 
refine the cells that pass through the free water surface. By repeating this 
process over and over again, the position of the free water surface will 
gradually approach the actual situation. Fig. 6 shows a schematic rep
resentation of how the free water surface position changes during the 
adaptive process.

Fig. 2. Schematic of seepage boundaries of an Earth-rock dam.
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When the amount of free water surface position change obtained 
from the calculation of two adjacent iterations is close (as shown in Eq. 
(2.37)), it indicates that the grid has reached the convergence criterion, 
at which point the adaptive analysis process can be terminated. 

‖ yi− 1(x) − yi(x) ‖≤ ε (2.37) 

Eq. (2.37) can be used as an a posteriori error estimator for the 
adaptive analysis, where yi − 1(x) and yi(x) denote the function of the 
free surface position for the last iteration and the current iteration, 
respectively.εis a given tolerance.

Since the shape of the free water surface usually has nonlinear 
characteristics, it is difficult to calculate the left end term of Eq. (2.37)
accurately by analytical methods, so this paper adopts an approximation 
method based on sample points. Specifically, n-1 sample points (shown 
in Fig. 7) are inserted at equal intervals along the free water surface 
between the water level infiltration point and the overflow point ob
tained in the previous iteration, and the left end term of Eq. (2.37) is 
numerically calculated using these sample points. In this way, the 

complex nonlinear problem can be simplified effectively.
Thus, the practical form of Eq. (2.37) can be specified as follows: 

1
n
∑n

j=1

⃒
⃒yi− 1

(
xj
)
− yi

(
xj
)⃒
⃒ ≤ ε (2.38) 

3. Development platform

In this study, the proposed adaptive percolation algorithm is deeply 
integrated into the self-developed finite element software GEODYNA 
through modern C++ object-oriented programming techniques. The 
programme employs memory pool optimization techniques and sparse 
matrix compression storage strategies, resulting in a substantial reduc
tion in memory occupation for problems of the same size.

Fig. 3. Schematic diagram of the integration process.

Table 1 
Locations and weights of Hammer integration points.

Accuracy Location Error Points Coordinates Weight

Liner o(h2) a 1
3

1
3

1
3

1

Quadratic o(h3) a 
b 
c

2
3

1
6

1
6 

1
6

2
3

1
6 

1
6

1
6

2
3

1
3 
1
3 
1
3

Third order o(h4) a 
b 
c 
d

1
3

1
3

1
3 

3
5

1
5

1
5 

1
5

3
5

1
5 

1
5

1
5

3
5

−
27
48 

25
48 
25
48 
25
48

* Since the integration domain of the triangle involves the variables themselves, the sum of the weights should be equal to 1/2, so the weights listed in the table should 
be multiplied by 1/2.
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4. Numerical example

4.1. Validation of infiltration flow in a one-vertical earth dam

4.1.1. Geometrical modelling and finite element meshing
A two-dimensional benchmark problem is computed to verify the 

correctness of the numerical integration. A vertical earth dam with a 
width of 5 m and a height of 10 m with an upstream water level of 8 m 
and a downstream water level of 2 m is studied (Fig. 8).

The computational domain is discretized by 51 quadrilateral cells 
and 231 nodes as shown in Fig. 9. Numerical simulation of the vertical 
dam is carried out using SBFEM.

In order to verify the correctness of the algorithms in this software, 
the finite element software GeoStudio software is also used to model the 
vertical earth dam. The mesh shown in Fig. 9 is also used for this 
analysis.

4.1.2. Vertical earth dam analysis results
The total head distributions and pressure head distributions of 

Fig. 4. Element refinement rules.

Fig. 5. Schematic representation of the local refinement of the unit.

Fig. 6. Schematic representation of free water surface changes during the 
adaptive process.

Fig. 7. Sample point selection rule.

Fig. 8. Two-dimensional vertical earth dam.
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different numerical methods are shown in Figs. 10 and Fig. 11, respec
tively. From the distributions of the cloud diagrams, it can be seen that 
the trends of the results calculated by the two procedures are identical. 
Meanwhile, Table 2 also counts the maximum value of head between 
different methods. Further analyzed in conjunction with the data in 
Table 2, the two methods achieved the same results in calculating the 
maximum and minimum values of total head and pressure head, which 
also further confirmed the calculation accuracy of SBFEM.

4.2. Adaptive analysis of mean trapezoidal earth dams

4.2.1. Geometric modelling and finite element mesh
The second calculation example is an infiltration flow analysis of a 

trapezoidal earth dam using an adaptive approach. Fig. 12 illustrates the 
geometrical model of an earth dam and the elevations of the upstream 
and downstream water levels, with the infiltration coefficient set to 10− 5 

m/s.
The polygonal cells shown in Fig. 13 are used to discretize the 

computational region, generating a total of 87 cells and 175 nodes.

4.2.2. Adaptive analysis process
Fig. 14 gives the position of the infiltration line at the time of the first 

calculation, which divides the dam into saturated and unsaturated 
zones. Based on this division, the following three types of elements are 
defined: 

(1) Saturated elements: it is the element that is completely saturated.
(2) Transition element: it is the element in the transition region from 

saturated to unsaturated state. In the adaptive analysis, this cell 
should be subdivided (as shown in Fig. 15) and the conduction 
matrix should be calculated according to Eq (2.36).

(3) Unsaturated element: It is a element in a completely unsaturated 
state, and the permeability coefficient should be discounted in 
the calculation.

In order to explore the extent to which the infiltration line changes 
near the infiltration and overflow points during the adaptive analysis, 
two observation points, A(244, 135) and B(392, 74) , were placed in 
these critical areas.

In this algorithm, Eq. (2.38) is used as the criterion for adaptive 
convergence. Here, n is taken as 20 and ε is taken as 1e-3.

4.2.3. Analysis of results for trapezoidal earth dams
Fig. 16 illustrates the finite element mesh used for the adaptive 

analysis and it can be seen that the mesh has been refined twice. Fig. 17
illustrates the change in the dip line during the adaptive analysis. As can 
be seen from the figure, there is a head difference of approximately 4.5 
m in the dip line when calculated using the initial mesh (compared to the 
results after the second adaptive analyses). This is mainly due to the 

Fig. 9. Typical quadrilateral grid with 200 quadrilateral cells and 231 nodes.

Fig. 10. Vertical earth dam total head distribution (units: m).

Fig. 11. Vertical earth dam pressure head distribution (units: m).

Table 2 
Statistics of nodal head results.

Variable value 
(m)

Total head 
(Max)

Total head 
(Min)

Pressure head 
(Max)

Pressure head 
(Min)

PSBFEM 8.00 2.00 8.00 -3.18
FEM 

(GeoStudio)
8.00 2.00 8.00 -3.18

G. Yi et al.                                                                                                                                                                                                                                       Engineering Analysis with Boundary Elements 179 (2025) 106389 

7 



insufficient density of the initial mesh, where the location of the water 
level overflow point was not captured correctly. As the grid is refined, 
the above errors gradually decreased and the dip line locations generally 
shows a gradual decrease.

Table 3 presents information on the change in gradient near the 
infiltration and spillage points during the adaptive process. It can be 
seen that the gradients near the infiltration and spillage points are larger 
during the initial calculation, and therefore the infiltration line changes 
faster near these points. In these regions, the gradient decreases as the 
grid is progressively refined, causing the free water surface position to 
gradually stabilize.

4.3. Application of complex panels

4.3.1. Geometry and finite element modelling
The final computational example is an adaptive approach to analyze 

the steady seepage of a concrete panel rockfill dam over a deep cover. 
The height of the dam is 56.5 m, the slope ratios of the upstream and 
downstream dams are 1:1.4 and 1:1.67, respectively, and the upstream 
water level is 172 m. Concrete panels are connected to concrete toe slabs 
at the base of the dam and on both sides of the bank, with bedding 
materials, transition materials, and rock stacking areas underneath. The 
stratigraphy is divided into two types: deep overburden and bedrock, of 
which the maximum thickness of the deep overburden reaches 92 m.

The geometric region is discretized using a mixed triangular and 
quadrilateral mesh, generating a total of 835 cells and 875 nodes, as 
shown in Fig. 18.

4.3.2. Material parameters
The permeability coefficients of the materials are shown in Table 4.

4.3.3. Analysis scheme
In order to further explore the accuracy and efficiency of the adap

tive method, the following three scenarios are used for comparative 
analysis: 

(a) The grid shown in Fig. 18 is adopted for the calculations.
(b) Applying the adaptive method for calculation, the adaptive 

criteria based on Eq. (2.38) for dynamically encrypted cells near 
the free water surface. Here, n is taken as 40 and ε is taken as 1e-5.

(c) The dense grid is adopted for the calculations when the dip line 
position converges.

The finite element mesh models corresponding to scenarios (b) and 
(c) are given in Fig. 19 .

4.3.4. Analysis of results for panel dams
The comparative analysis of the location of the infiltration line 

shown in Fig. 20 indicates that the computational results of the three 
scenarios are consistent in terms of the overall trend: the fluid first flows 
tangentially along the panel, and then gradually infiltrates into the dam 
body and spreads downstream. However, the effects of different grid 
strategies on the computational accuracy are significant: The simulation 
results of scheme (a) with fixed coarse grid division show that the 
infiltration line is located at about 4.5 m above the built-up base surface, 
which is inconsistent with the actual situation, leading to a significant 
reduction in the simulation accuracy of the seepage path inside the dam 
body.; whereas, the results of the adaptive grid of scheme (b) and the 
globally dense grid of scheme (c) are in high agreement with each other, 
and the difference in the location of the free-water surface is less than 

Fig. 12. Geometric model of a homogeneous earth dam.

Fig. 13. Computational model of SBFEM with 87 cells and 175 nodes.

Fig. 14. Definition of different types of elements.

Fig. 15. Schematic of the first refinement of the local grid.
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0.1 %.
The above conclusion can also be verified by the distribution of total 

head in Fig. 21 : the area of the region with total head below 130 m 
calculated in scenario (a) is less in size compared to scenario (c) with 
global refinement of the grid. And the cloud map distribution of total 
head for scheme (b) is highly consistent with scheme (c).

To further illustrate the accuracy of the adaptive method, the pres
sure head distributions of the foundations (including bedrock, over
burden and impermeable walls) obtained from the calculations of the 
different analysis methods are given in Fig. 22. Although the pressure 
head distributions obtained by the three analysis methods have the same 

pattern, there is a difference in the values. In order to show this differ
ence, the pressure head distribution at the observation line is analyzed 
by using the calculation results of scenario (c) as the benchmark solution 
for this example. Fig. 23 gives the error of pressure head at the obser
vation line for scheme (a) and scheme (b), and it can be seen that the 
calculation error of scheme (a) is as high as 27 %, which is not able to 
meet the engineering accuracy, while the calculation error of scheme (b) 
is less than 0.5 %.

It is worth noting that the computational efficiency of the adaptive 
analysis is substantially improved, although scenario (b) has the same 
accuracy as scenario (c). Fig. 24 reveals the core advantage of the 

Fig. 17. Adaptive SBFEM computational model.

Table 3 
Gradient information at different observation points.

Gradient X-gradient 
(Point A)

X-gradient 
(Point B)

Y-gradient 
(Point A)

Y-gradient 
(Point B)

Initial analyze 0.47 0.41 -0.10 -0.19
The first 

adaptation
0.30 0.36 -0.08 -0.19

The second 
adaptation

0.25 0.34 -0.07 -0.18

Fig. 18. Computational model of panel dam with 835 cells and 875 nodes.

Table 4 
The permeability coefficient of main materials.

Materials Ks(cm/s) Materials Ks(cm/s)

Panel 1×10− 7 Padding zone 1×10− 3

Toe board 1×10− 7 Transition zone 2×10− 2

Impermeable wall 1×10− 7 Primary rock pile areas 3×10− 1

Deep cover 5.5×10− 3 Secondary rock pile areas 2×10− 1

Bedrock 1×10− 5 ​ ​

Fig. 16. Adaptive SBFEM computational model.
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adaptive approach through a comparative analysis of the computational 
degrees of freedom, and it can be seen that the computational efficiency 
of the adaptive analysis is improved by 37 % compared to the global 
analysis using a fine mesh. In addition, the CPU consumption data in 
Table 5 (computing platform: Intel Core i7-13700KF @ 4.38 GHz, 16 
cores, 15.7GB DDR4 RAM) further validates this advantage, with the 
adaptive scheme saving 35 % of the computation time compared to 
traditional dam global refinement.

5. Summary

In this study, an adaptive seepage analysis method based on an 

improved SBFEM-Polytree coupling framework is proposed, which sys
tematically solves the bottlenecks of grid dependency and computa
tional efficiency in the dynamic simulation of free water surface. The 
method has been successfully integrated into the self-developed GEO
DYNA finite element platform and systematically verified in the seepage 
analysis of three types of typical earth and rock dams (vertical earth 
dams, trapezoidal earth dams and panel rockfill dams), and the main 
findings are summarized as follows: 

(a) The improved SBFEM-Polytree coupling method proposed in this 
study shows significant advantages in the seepage analysis of 
earth-rock dams: firstly, by innovatively arranging the integra
tion points in the domain, combined with the geometrical 
adaptability of the polytree mesh, it achieves the efficient 
modelling of the free-water surface problem of earth-rock dams. 
Secondly, by using the virtual permeability dynamic correction 
technology, the permeability parameters of the integration points 
in the domain are adjusted in real time, which ensures the ac
curacy of the free water surface simulation while avoiding the 
mesh re-division completely.

(b) The proposed method can substantially improve the solution ef
ficiency, benefiting from an intelligent free-water surface 
tracking mechanism and a dynamic grid optimization strategy. 
Specifically, by developing an adaptive criterion based on a 
posteriori error estimation, the algorithm is able to automatically 
identify the key cells traversed by the free water surface after 
each iteration, thus realizing multi-level subdivision. In the 
seepage analysis of complex panel dams, by intelligently identi
fying critical regions and implementing cross-scale grid encryp
tion, this method can achieve the computational accuracy of 
global refinement by processing only 20 % of the fine grids, while 
improving the computational efficiency by 37 %.

Based on the existing solution framework, the method can be simply 

Fig. 19. Finite element models for different analysis scenarios.

Fig. 20. Positions of dip lines corresponding to different analysis scenarios.
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extended to 3D infiltration flow analysis, which can provide a high- 
precision and high-efficiency solution for the simulation of infiltration 
flow in complex geological environments. It should be noted that the 
current method is based on steady-state seepage assumptions and does 
not take into account the effect of the time term for the time being, and is 
therefore applicable to steady seepage flow conditions. In addition, the 
method can also take into account the unsaturated characteristics of the 
soil body, which can provide a new analytical paradigm for the simu
lation of nonlinear problems, which is also our future research direction.
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